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A NOTE ON SPECIAL SMARANDACHE CURVES IN THE NULL 
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ABSTRACT. As it is well-known, the geometry of curve in three-dimensions is 
actually characterized by Frenet vectors. In this paper, we obtain Smarandache 
curves by using cone frame formulas in null cone Q? . Also, we give an example 
related to these curves. 
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1. INTRODUCTION 


Human being were bewitched by curves and curved shapes long before they took 
into account them as mathematical objects. But the greatest effect in the research 
of curves was, of course, the discovery of the calculus. Geometry before calculus 
includes only the simplest curves. 

Smarandache geometry is a geometry which has at least one Smarandachely 
denied axiom [4]. An axiom is said to be Smarandachely denied, if it behaves in at 
least two different ways within the same space. Smarandache curve is defined as a 
regular curve whose position vector is composed by Frenet frame vectors of another 
regular curve. 

The popularity of Smarandache curves in various ambient spaces have been 
classfied in [1]-[7], [13]-[16]. In this study, we define special Smarandache curves 
such as xa, xfy, cay, o ffy-Smarandache curves according to asymptotic orthonor- 
mal frame in the null cone Q? and we examine the curvatures and the asymptotic 
orthonormal frame's vectors of Smarandache curves. We also give an example related 
to these curves. 


111 


F. Almaz, M.A. Külahci — A Note on Special Smarandache Curves ... 





2. PRELIMINARIES 


Some basics of the curves in the null cone are provided from, [8]-[9]. 
Let Et be the 4—dimensional pseudo-Euclidean space with the 


G(X, Y) e (X,Y) = TY, T TY, T v4, — T,U, 


for all X = (z,,2,,2,,2,) Y = (y, Y2; Yz; Y4) € E]. E? is a flat pseudo-Riemannian 
manifold of signature (3, 1). 

Let M be a submanifold of Et. If the pseudo-Riemannian metric g of E: in- 
duces a pseudo-Riemannian metric g(respectively, a Riemannian metric, a degener- 
ate quadratic form) on M, then M is called a timelike( respectively, spacelike, de- 
generate) submanifold of ES . Let c be a fixed point in ES. The pseudo-Riemannian 
lightlike cone(quadric cone ) is defined by 


Q3(c) = {x € Et : g(x e 2— 0) 2 0), 


where the point c is called the center of Q?(c). When c = 0, we simply denote Q}(0) 
by Q? be and call it the null cone. 

Let E: be 4-dimensional Minkowski space and Q the lightlike cone in Ej. A 
vector V #0 in E? is called spacelike, timelike or lightlike, if (V, V) > 0, (V, V) < 0 
or (V, V) = 0, respectively. The norm of a vector x € E? is given by ||x|| = \/(z, 2), 
[12]. 

We assume that curve z : I > Q? c Et is a regular curve in Q for t € I. In the 
following, we always assume that the curve is regular. 

A frame field (z,o, 8, y) on Et is called an asymptotic orthonormal frame field, 
if 

(z,z) = (yy) = (x,a) = (y,a) = (B, a) = (y, B) = (x, B) — 0, 
(x,y) = (a, a) = (6, B) =1. 
Using z'(s) = a(s) we know that (x(s),o(s), 8(s),y(s)} from an asymptotic 


orthonormal frame along the curve x(s) and the cone frenet formulas of r(s) are 
given by 


(s)a(s) — y(s) (2.1) 


where the functions &(s) and 7(s) are called cone curvature functions of the curve 
x(s), [10]. 
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Let z : I > Q? c Et be a spacelike curve in Q? with an arc length parameter 
s. Then x = z(s) = (£, , £}, £3, £4) can be written as 


(2/,25,.1— f^ 9,1 f?  g?) (2.2) 


1 
“OTe 


for some non constant function f(s) and g(s), [11]. 


3. SMARANDACHE CURVES IN THE NULL Cone Q? 


In this section, we define binary Smarandache curves according to the asymptotic 
orthonormal frame in Q?. Also, we obtain the asymptotic orthonormal frame and 
cone curvature functions of the Smarandache partners lying on Q? using cone frenet 
formulas. 

Smarandache curve y = (s*(s)) of the curve x is a regular unit speed curve 
lying fully on Q?. Let {a,a,8,y} and (os Bw be the moving asymptotic 
orthonormal frames of x and y, respectively. 


Definition 1. Let x be unit speed spacelike curve lying on Q? with the moving 
asymptotic orthonormal frame (x,o, B,y) . Then, xof— Smarandache curve of x is 


defined by 
1 


"Load s ) = Vb Fe 


where a,b,c € Rt. 


(ax(s) + ba(s) + eB(s)) , (3.1) 


Theorem 1. Let x be unit speed spacelike curve in Q? with the moving asymptotic 
orthonormal frame (x, o, B, y} and cone curvatures K(s),7(s) and let y,45 be xoug— 
Smarandache curve with asymptotic orthonormal frame C ads 
Then the following relations hold: 

i) The asymptotic orthonormal frame be T of the xaf- Smaran- 
dache curve Yyag is given as 











a b c 0 
deus JV wg wie x 
Q bis-cT a 0 —b a 
zaß | — V y V f (3.2) 
Dosi B, B, B, B, B 
Yrag Y, T, T Ti y 
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where 
V 
ŲĮ = a? — 2b(bk + cT), w = —— 2 
VU ONIPCEU E E NS 
bk + cr a 1 
A, = Y Am gp Scc (3.4) 
and 
prac 
B, = gs (WU (be er) Voe + cr’) + an), (3.5) 
ae) 
B, = —Q (st er) n Pky + c2), 
=! b2 2 b2 2 
B= DET) B= wee -aY + VI + œ); 
aD bD cD 
Y, =-B ‚T, = -B , T; = B. , 
: O WPF? 77 FAS 7^ VP FA 
YT, =—B, 
TK —As A; 
Ur EE E C AEA 
or 
b2 2 
D = OFS atr (bn + er) (bs! + cr’) + an) (aY + Vb? + e?) 


+(U(bK + cr) -a— Vi Vb + c2)?) + 


y2 
ii) The cone curvatures Ky ,G) and T+ 4M) of the curve y,, is given by 


Ky ($s) =— 


D 
rap 2 





(s*) = JXX, — K')Y, + (Y, «9 + Y? - «2 (3.6) 


rap 
where 





* 


ps] v — 2b (br + cr)ds. 
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Proof. i) We assume that the curve x is a unit speed spacelike curve with the 
asymptotic orthonormal frame {x,a,3,y} and cone curvatures «,7. Differentiating 
the equation (3.1) with respect to s and considering (2.1), we have 





Yeasts") = (E) als) + (AE a9 + (=) (9. (3.7) 











w 
where 
E uM : V'a? — 2b (bk + cr) (3.8) 
"odes VP +e | | 
V = Va? — 2b (bk + cr). (3.9) 


It can be easily seen that the tangent vector d et (s*) = a,,,(s*) is a unit space- 
like vector. 
Differentiating (3.7), we obtain equation as follows 








aal) = B,z(s) + B,a(s) + B,B(s) + Byy(s), (3.10) 
where B, = ae , B, = A , B, = =, B, = Zata 
(s) -i (y E ) (3.11) 
Yzaß E Y oag 2 S eai ? Ton p E 


By the help of previous equation (3.11), we obtain 


Yeag(s ) = Y,x(s) T Y,o(s) a Y.B(s) "m T.u(s); (3.12) 
D bD D 
where X = By DN RUE = —B,-— aJ xg s = —B, mus Pe Va = —B,,. 
ii) Using equations Ky ,G? --i UM. P and 


2 *y [pI m. m dB uA * 
T ag $ Je KA — KT, £ Ka — K'x) AC ). 


The curvatures ky . (s*) and Ty p (s*) of the y... ,(s*) are explicity obtained by 








(*) 208 - KNY, + (T, K)? WX NL 2 (3.13) 


Thus, the theorem is proved. J 
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Definition 2. Let x be unit speed spacelike curve lying on Q? with the moving 
asymptotic orthonormal frame {x,a,3,y}. Then, xBy—smarandache curve of x is 


defined by 
1 


Ya) = EE 


where a, b.c € RY. 


(ax(s) + bB(s) + cy(s)) , (3.14) 


Theorem 2. Let x be unit speed spacelike curve in Q? with the moving asymptotic 
orthonormal frame (x,o, B, y} and cone curvatures &(s), (s) and let das be xBy— 
Smarandache curve with asymptotic orthonormal frame DM o UN 
Then the following relations hold: 

i) The asymptotic orthonormal frame hs. I1 B y ; Vau] of the xBy— Smaran- 


dache curve is given as 
zby 






































a b c 
"afi V2ac-+b2 0 V2ac+b? VW2ac+b2 T 
Q br a—CkK —er 0 a 
aBy = UN 1 n 7 B j (3.15) 
Pos. B; B; B: B: 
Usgy Wy Wa Ws Wa y 
where 
n = wa —2act+c(K2+7?),w= 2 Mou 
Vv 2ac + b? ds 
A, = DE Wes EE oe E 
1) 1) 7] 
A! A A A, +A! A! —A 
BP 1 t+ KAQ+T Spt SPO peeks ye cm 
w w w w 
and 
Uu, = „Ww = —B* w, = ? ; 
5 | 2/2ac- 02 7 Ee ?  2y2ac4- b2 
p cT 
Uu, = ; 
= ^ 2,/2ac + b? 
1 
T = 23 (-2A,(À + kA, +7A,) + (A, + AL? + 42). 
or 
2(ck— 
" 2ac + b? e 2) (b(r'n — rn) +n (Ka — c (&? + 7?))) 
=i = = 2 (p 5T 2 
n +2 (( (br — cx) +11 (a — e)? + Sora) 
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ii) The cone curvature Ky : (s*) and Ty , (s*) of the curve Y, is given by 
xy rpy 











" -T 
m (s ies Kx 
T? (s') = 2(w, — &')u, + (w, — &)^ --w? — «2 (3.16) 
vy xBy 
where i 
grec 7 1. a? — 2ac + (k? + 7?)ds. 3.17 
v/2ac + b2 Iv ( ) ( ) 


Proof. i) We assume that the curve x is a unit speed spacelike curve with the 
asymptotic orthonormal frame {x,a,3,y} and cone curvatures «,7. Differentiating 
the equation (3.14) with respect to s and considering (2.1), we have 








Ya 6 = (9) + — 3) — THe (3.18) 


or 
dte. x A, d d: A,d T A,B. 
By considering (3.17), we get 
qr (at) = Gls) =a. (3.19) 


xBy 


Here, it can be easily seen that the tangent vector d, gy 18 a unit spacelike vector. 
Differentiating (3.19) and using (3.17), we obtain 


xls (5*) = BYE + Brd + BYB — By, (3.20) 
x _ A +HkA2+TA x _ A+A! x Al "eT 
where Bj m x rs m - 2, B; m w Bı m su 





By the help of equation y,,,(s*) = —y/,, — i (at ra dd ) ^ro: we write 











rBy zby xBy 
Yxpy(s") = w,2(s) + w,a(s) + w4B(s) +w,y(s), (3.21) 
where 
aT 

w = —Bt QU, = —B, 

: |^ 242ac- 02. ” ? 

p bT p cT 

w, = EN ; 

3 a Wac Hb 4 ^. 2v/2ac + b2 





k (s*) E 1 (x y" ) 
Voay 2 xBy’? 'xBy/? 
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ra , (s*) = (8 — ka — k'r, B — ka — K'£) — Ke (3.22) 
r8y zby 
By using (3.22), the curvatures &, " (s^) and T4 F (s*) of the y, (s*) are explicity 
rBy rBy 
obtained 
K (s*) — sa H )-— 
Y oBy 3 d 2 Tapy’ Vagy = 2 2 
"o : (s) = Uw wr (w2 -— k)? «Eus -— Bee. 
where 
2(ck— 
p 20e (TA (b(r'n — rq) +n («a — e (K? + 7?))) 
= <r 2 a) 2 
7 +A (n (br — e) en (a — ei)? + St) 
| 


Definition 3. Let x be unit speed spacelike curve lying on Q? with the moving 
asymptotic orthonormal frame {x,a,8,y}. Then, xay— Smarandache curve of x is 


defined by 
1 


Ta es USC 


where a,b,c € Rf. 


(ax (s) + ba(s) + cy(s)), (3.23) 


Theorem 3. Let x be unit speed spacelike curve in Q? with the moving asymp- 
totic orthonormal frame {x,a,8,y} and cone curvatures K,T and let Ysay be ray— 
Smarandache curve with asymptotic orthonormal frame lo QT) ME Vas) . Then 
the following relations hold: 

i) The asymptotic orthonormal frame coe T ae ee of the xay— Smaran- 








dache curve Y „ is given as 
——9 poe bes 0 i6 
ates, v 2ac-b? V2ac+b? V2ac+b? x 
OQ cay Zi ; pi , Pa „P3 Pa ; Q 
B = Pi HKP HPT P2 p, — p, p, — Tp, =p, tp. B|’ 
n 1+ T 2+ i ^ aA 
pi tp, tp.T pytp,—hp p, +TP —pytp 
Usoy a 3 ad 4 4 bó a 4 27 4 co y 
(3.24) 
where 
b à — CK —cT —b 





PT QAT Q Ps =R aT R 
Q 
V2ac + b2 





Q = ya — 2 (ac +b?) k + (k2? +7?); M = (3.25) 
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1 

L = xy Q^ + sp, + PT) P, + p.) + (P2 + p, — 80.) + (0, — TP4)”)s 
L 

2\/2ac + b2 


ii) The cone curvatures Boy oy (s*) and TH ay (s*) of the curve Y, is given by 


o= 

















" L 
Foo sas (s") = EL (3.26) 
/ / 
2 s) _ op P1 t EP, T DT fatal Pot Pa , 
2 lst) = 2( E PP PT ag p gr IP Pea c) 

/ / 2 

P2 p,-— kp Pp, Tp L 
ptc oW eU ner (3.27) 

where 

ge —g | VO (ac + 02) k + c?(k? + 7?)ds. (3.28) 


Proof. i) Let the curve x be a unit speed spacelike curve with the asymptotic or- 
thonormal frame {z,a,(,y} and cone curvatures &, 7. Differentiating the equation 
(3.23) with respect to s and considering (2.1), we find 


Lie cyclen (i + ~ 1). 


( We ~ E 


This can be written as following 

















ou 7) = Pals) + SoG) - TAG - (s). (3.29) 
where 
Q = Va? — 2 (ac + b2) k + c?(k2 4- 72). (3.30) 


Differentiating (3.29) and using (3.30), we get 


p2 +p, — LA 














php, 5T. . 
Vray = ( M = )r l ( M 

/ / 

P3 — TD, -~P tP, 
H | , 3.91 
(Ag 4 (D Py (3.31) 

where p, = Gs Py = "qp, = S0. = 
(s*) = —7" sea d =L (3.32) 
Yray 8 = Vga 2 QA ay Vevey? an S ARES i 5S x i 
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By the help of equation (3.32), we obtain 














uu (57) = (C ELT T PT _ agas) + (727-581 A _ Mots) 
pcm tp cB 
+ (- TPs) 85) + (75 27-5 — od u/s), (3.33) 
where 
L 


m nee At / _ / 
o) I Wome T i Qn + KP, + oT p, + p) 





ii) Using (3.22), we have (3.26) and (3.27). E 


Definition 4. Let x be unit speed spacelike curve lying on Q? with the moving 


asymptotic orthonormal frame {x,a,8,y}. Then, a8y—Smarandache curve of x is 
defined by 


(= (aa(s) 4- bB(s) + cy(s)), (3.34) 


1 
va? + b? 
where a,b,c € Rd. 

Theorem 4. Let x be unit speed spacelike curve in Q? with the moving asymp- 
totic orthonormal frame (x,o, B, y} and cone curvatures K,T and let Vex be aBy— 


Smarandache curve with asymptotic orthonormal frame legs en 
Then the following relations hold: 

i) The asymptotic orthonormal frame UNE Agy Papy’ Vas] of the aBy— Smaran- 
dache curve Vey 1$ given as 


0 a b c 








Fagy Va?+02 Va? 4-3 Va2+b2 T 
eel zd A, A, A, " 
pam C, C, C; C, B : 

C C. aM C. bM C cM y 
Yapy 1 2 aF 37 2/apM 4 2 a3? 

3.35) 
where 
E ds* 








€ = V Er? + (c) — 2a?) k2 — 2abr; w = 


Va + ds 
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ak + br —CK —cT —a 
XC NO cC OL X E 3 
e es € (an + br) + Elar’ + br!) -elt +T’) rom 
wS 3 , 
E 
o, = Stip) -ot rg 
o = Beroe yore 





Ge ues IT at e 


—2a(ax + br) + c(&? + 7?) 
E 


ii) The cone curvatures Ky P (s*) and Ty " (s*) of the curve y " is given by 
apy apy apy 





M= (3.36) 


2a(ak + br) — c(K? 4- 7?) 











um (s*) = 28 : (3.37) 
M aM 
2c coq en) (Cpe EN quo e sopa 
ME, ( : RÀ d SB (C, 2a? + b2 8) 
! bM 2 2 
e 9 (3.38) 
where 
1 
* = — c27? + (c? — 2a?) k2 — 2abr.ds; a,b,c € RF. 3.39 
2 + b2 0 
va 


Proof. i) Differentiating the equation (3.34) with respect to s and considering (2.1), 
we find 


ds* 
/ * = 
apy (8 ) ds — 





y 5 (a + br)a(s) + (—e&)a(s) + (-er)B(s) — ay(s)). (3.40) 


a? +b 


This can be written as follows 

















hos en - a als) + ETA) + yl), (841) 
where 
€ = V Er? + (c) — 2a?) K2 — 2abr Ta ee W. (3.42) 
"ds Va? +02 l 
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Differentiating (3.41) and using (3.42), we get 
CEE 


Yu (5) = Ce GM + br) + Elak’ + br’) — e(K? + 1?))x(s) 
+(€(2aK + br) — e&£')o(s) + (&c(ar — 7’) — er&')B(s) 
+(cr§ + a)y(s)) 
je poe ce ; QUIM dnd (3.43) 


By the help of equation (3.43), we obtain 











a (57) = (—C,)2(8) = (0, ssa) (3.44) 
bM cM 
(C; ! Var pr (C, ! aga pre 


where M = Z220% br)4 c(x3-p72) 


ii) Using (3.22), we have (3.36) and (3.37). where § 








Example 1. The curve 


T. 
gs) Ja (sin 2s, cos 2s, 0, 1) 
is spacelike in Q? with arc length parameter s. Then we can write the Smarandache 
curves of the x-curve as follows: 
1) xaB— Smarandache curve QM is given by 


1 











s) = a — 4c) sin 2s + 2b cos 2s, (a — 4c) cos 2s — 2b sin 2s, 0, a 
Taal) = ra (a - 40 (a — 4c) ) 
2) rBy— Smarandache curve "nos is given by 
1 
s) = à — 4c) sin 2s — 8c cos 2s, (a — Ac) cos 2s + 8csin 2s, 0, a 
as (m erage (e - 4 (a — 4c) ) 
3) xay— Smarandache curve Yeay 1$ given by 
1 
s) = —— (a sin 2s + (2b — 8c) cos 2s, a cos 2s + (—2b + 8c) sin2s,0,a 
Yaa ®) = em | (2b — 8) (—2b + 8 ) 
4) aßy— Smarandache curve Yagy 1$ given by 
1 
s)= a — 4b) sin 2s — 8ccos 2s, (a — 4b) cos 2s + 8csin 2s, 0,a 
Tal) = erage (a - 40 (a — 4b) ) 


where a,b,c € Rt. 
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